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ON QUARTIC THREEFOLDS WITH A DOUBLE LINE. II 
BY 
A. CONTE AND J. I?. MURRE 
(Communicated at the meeting of January 29, 1977) 
§ 3, ANOTHER DOUBLE COVERING OF Y 
The assumptions are as in 1.1 and $ 2. In this section we introduce 
another double covering W of Y and we investigate the relations between 
Y’ and ?V. 
3.1. Let E’ = E x ss’, where E is the 3-dimensional vector bundle 
existing by definition over 6’. We will have a Cartesian diagram: 
Diagram III 
Let T’ = (T, R) E s’, where T E 6’ and R E Krr n PO,T CX)(E)T. We can 
define a section cr: s’ -+ P(E’) by: 
(85) a(T’) +-l(R) n n’-l(T’). 
Corresponding to u we will have a line subbundle F’ of E’ and we 
will put: 
(86) W=p(E’/F’). 
Geometrically, for any T’ ES’, the fibre Wr, can be identified with 
the set of lines in P(E)T zP(#)Tt through the point R. we will always 
use this identification in the sequel. We denote by n”: W --+ 8’ the pro- 
jection of W onto S’. 
Using this geometric description for the points P’ E W we see that we 
have a rational transformation : 
(37) y:W+Y 
defined generically by (see fig. 2): 
P*I+P 
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Fig. 2. 
where P is determined by P* . KT = R + P. Moreover : clearly w is generically 
a 2- 1 covering (fig. 3). 
Fig. 3. 
3.2. Let P’=(T’; P)=(T, R; P) E Y’, where T E S, R E KT n l’o,~ C 
cp(E)r, T’ E S’, P E KT c Y. Consider the line joining P to R in IT 
as a point P* E W. Let P, C Y’ x W be the Zariski closure of the set of 
couples (P’, P*) obtained in this way. 
LEMMA (3.3). (i) g is a birational transformation. Moreover : 
(88) y=e.g-1 
(in the sense of correspondences !) 
(ii) g is regular (i.e. “well defined”) in every point of Y’ - 97. 
PROOF. (i) Clear by construction and since Q is a morphism. 
(ii) Let P’ E Y’ -&?T. By the definition of &‘I, three different cases 
are possible : 
a) KT is non-degenerate and non-tangent to es,r and R is one of the 
two points KT n to,T; 
b) KT is non-degenerate and tangent to ~O,T and R is the point 
KT n e0O.T; 
c) KT = & u /‘I is degenerate, the intersection point & n Pk does 
not belong to &,,r and R is one of the two points KT n t&T. 
In all three cases the proof is clear from the geometrical description. 
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3.4. We have now a diagram 
Y- 
Diagram IV 
Coordinates on W: let P* E W, T’ = (T, R) =n”(P*) E S’. We will use, 
as usual, on S’ (non-homogeneous) coordinates (5‘, q, /?) and the equation 
of the conic Rr cP(E)r will be equation (73), so that the equation of 
KT n to,* will be, putting V= 1: 
(89) ao0(E, q)u2 + 2a01(5, q)u+ all(t,r) = 0. 
Let us denote by d, U! the two roots of this equation in u and assume 
that R corresponds to the root u?. The lines through R in IT will 
have equations : 
(90) a=qt, 
where G= U-U: and q is the parameter determing the line. We can there- 
fore use on W (non-homogeneous) coordinates: 
(91) 
where q is given by (90) and 5, 9, /? satisfy equation (72). 
REMARK (3.5). If we introduce G: Y --f Y’ as in remark (2.10), then 
it is possible to see that #=g. 5 : Y --+ W is a birational mor$&m, but 
we will not use this fact. 
LEMMA (3.6). The fundamental locus 1) of y and of g-i consists of a 
curve A C W, birational with A’ and non-singular. 
PROOF. First note that y and g-1 clearly have the same fundamental 
locus since e is a morphism. Let P* E W, then P* determines uniquely 
T’ =n”(P*) E S’, T’ = (T, R) with T =Q(T’) and R E KT n PO. Remembering 
fig. 2 we easily see that P* is in the fundamental locus iff 
i) T E A, T 4 V, KT= f’h u 1; with & going through R and P* corre- 
sponding to e& 
1) Recall that P* is in the fundamental locus of y if dim y(P*) > 0, where 
y(P*) is the total transform (see [ll], page 5). 
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eO,T 
Fig. 4. 
ii) T E A n V, KT = e’r v & and R E PO, r n & and P* corresponding 
with Pk or with & Note that Pk#e’k by 1.1 ii b). 
P;=e; e;,=P: 
Fig. 6. 
eO,T 
From the description above it follows that the locus of P* is a curve 
A C W, lying over A’ as indicated in fig. 6. I.e., over a general point 
T’ E A’ there is one point P* of A in the fibre d-l(T’), but over the 
double points Ti of A’ (i=l, . . . . N; cf. 2.5) there are two clitierent points 
P:t and PUS of A in the fibre n”-l(Ti’). Clearly A is birational with A’ 
and A is non-singular since the branches are separated in A. 
Fig. 0. 
W 
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REMARK (3.7). Put Ct =n”-i(T;). In the following we often write C, 
Pf, P2* instead of Ct, P:i, P2*i. 
3.8. Next we describe some of the total transforms. First for y. 
VW =/-VA). 
In fact more in detail, for P* E A we have: 
(92) w(p*) = 
i 
Ph if P*#P&, P*#P$ (fig. 4) 
e;,, if P*=P:r (fig. 5) 
Pk, if P*= Pz*i (fig. 5) 
Next for g-i : Put 
(93) 
EA={P’IP’=(P, T’)=(P; (T,R)) with T ELI, RE l’k n top 
andP~&ifT~VandP~f’~~P~ifT=T~~dnV}, 
(94 g-l(A) = EA 
and where we have a similar description for g-l(P*) for P*# P:,, Pz*i. 
Let 2$, 9: be curves on Y’ defined by (see diagram II) 
L&= {P’lf’(P’)=Ti and Q(P’) =P with P E Pk,} 
2%‘= {P’lf’(P’) = Ti and e(P’) = P with P E P’;,,}, 
then 
(96) g-l(P:d) = 2’: and g-l(P$) = 2;. 
Furthermore we have seen (3.3) that g is regular outside the set g= (Q$} 
of double points Qf and looking again to fig. 5 we see easily that the total 
transform 
(97) 
Hence 
s(Qd=G. 
(98) 
because Qr = 2’; n 2:. 
g-l(Cg) = 9; u &, 
3.9. Now apply the theorem on page 132 of [5] to the birational trans- 
formation g: Y’ --+ W, or more precisely to the birational morphism 
g: Yh -+ WO where Y6= Y’- UI (9: u 9:) and WO= W- IJt Cr2). Let 
2) In ths notation of that theorem g=T-1 : V’ + V. By analyzing the proof 
of that theorem it will be seen that only the properncas of g is used and not the 
completeness of V and v’. 
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v be the blow up BA( W) of W along li: 
Rc,W 
and put 
(99) j-l(Pfi) = $&, j-l(P,*i) = 0;. 
Let 6t be the proper transform of Cf by j-1, then we have for the total 
transform 
(100) j-l(Ct) = 66 U $2: U $2’;. 
Clearly we have 
(101) &CR, &&!C?I and 6tnna=J2nfuJ2;. 
Fig. 7. 
w 
According to the above quoted theorem we have, if 
(102) h: Y ---f v 
is the induced birational transformation by g, an isomorphism 
- 
(103) h: Yhz- wo, 
where ws= w- Ut (Ga U f2: U 01). 
3.10. We summarize the maps in the following diagram (see diagram V) 
and put 
(104 4 = Q. k-1 (as correspondences), 
then 4 is generically a 2 - 1 covering. 
LEMMA (3.11). Let rh C Y’ x r be the graph of h. 
i) The fundamental locus G of h-1 is contained in Ua (Q! u Szi) and if 
(P’, P) E rh with P E G then P' E tJe (2; u 91). 
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Diagram V 
ii) The fundamental locus Gr of h is contained in Ur (9; u 2:) and if 
(P’, P) E rh with P’ E G then P E iJ< ($2: u $2: u 17~). 
PROOF. Let (P’, p) E rh and put P*=j(P) then (P’, P*) E F,. By (103) 
G C iJa (6~ u J& u Qi). If i” E cf - ((?t n ?i) then g-1 is regular, hence P’ 
is unique. Hence G C lJr (9; u QI). If P E Sz: u Qi then P* = P:i or Plf 
by (99) and the assertion i) follows from (96). 
If P’ $ Ua (3: U 2:) then h is regular by (103). If P’ E 2’; u 2’: then 
g(P’) E Ci by the construction of g (see 3.2), hence ii) by (100). 
LEMMA (3.12). 4 is a rational transformation. 
PROOF. The assertion means that the correspondence 4 consists only 
out of one component which is the graph of a rational transformation. 
Let (P, P) be in the correspondence, then 3 P’ E Y’ s.t. (P, P’) E rh-1 
and (P’, P) E r,. Since Q is a morphism it follows immediately (from the 
theory of specializations) that there is only one component. 
PROPOSITION (3.13). Let r, C w x Y be the graph of 4. As before 
Tt EA n c7 (i= . . . N). 
i) If 9 is the fundamental locus of rj then fl C Ut (Sz; u Qi) and if 
(P, P) E rb with P E fl then P C Ui (i’& u Pg,). 
ii) If 3, is the fundamental locus of 4-1 then fli C (Jt (P& u 1;‘) and 
if (P, P) E r+ with P E F, then p C Ua (C, u 8; u 52:). 
iii) #(et - ci n Qi - ct n Q;) = Rt where Rt = Po,T( n i$, n l’kj. 
PROOF. (i) and (ii) follow immediate from 3.11 and from the definition 
of 2; and 5?[. (iii) follows from the geometric description of g (cf. fig. 2 
and fig. 5). 
COROLLARY (3.14). Let CH”(Y) denote the Chow group of cycles of 
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codimension i on Y. From 4: w --+= Y we get 4* : CHz( Y) -+ CH2( v) 
and 4* : CP( w) -+ CHz( Y). Then $* -+* = 2. 
PROOF. Let a E CHz( Y). By Chow’s moving lemma 3 cycle A E a s.t. 
supp (A) n Ur (e’~, u Pi,) = 0. Then &$*(A) = 2A by 3.13 because #-l(A) 
does not meet the fundamental locus 9 of 4. 
REBTARKS (3.15). 1) For the following it is useful to make the fol- 
lowing complement to 3.13 (ii): the total transform 
p(&‘ u e”,,) c c* u A-2; u In;. 
PROOF. Follows from (102). 
2) +lwo: wo + Yo with Yo= Y- Ui (&# u &) isj&te and is in fact 
a 2 - 1 covering in the strict sense. 
I 4. TWO INVOLUTIONS 
4.1. We have seen (3.6) that A is a non-singular model for A’. It 
follows now immediately (cf. fig. 6) that A is an &uZe 2 - 1 covering of A. 
Hence we have an involution 0 
Hence [4], we have a Prym variety (P(A/A), 8) which is a principally 
polarized abelian variety. We shall say that (P( A/A), 8) is the Prym variety 
a88OCiated t0 the Co?& bun&e. 
4.2. We have also a rational transformation tj: v --+ Y which is 
generically a 2 - 1 covering (3.10) and a covering in the strict sense when 
restricted to tj: v o + YO (3.15). Hence we get an involution z which is a 
birational transformation 
LEMMA (4.3). t* : CH2( w) -+ CHz( w) is an involution, i.e. t*z =id. 
PROOF. If &E CHz( w), choose A E a s.t. supp A C vo then t*2(A) = A. 
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4.4. Clearly we have also an involution tl: S’ -+ S’ coming from S/S. 
This gives an involution t’ : Y’ -+ Y’ and looking to the description of h 
or g (3.2 or (102)) we see that generically t’ corresponds with t under h. 
I.e., we get a commutative diagram (of morphisms): 
Diagram VI 
0 5. CHOW QROUP AND ASSOCIATED PRYM VARIETY 
If V is a non-singular, projective variety then we denote by CW(V) 
the Chow group of cycle classes (with respect to rational equivalence) of 
codimension i and by A{(V) C CH{( V) the subgroup of classes algebraically 
equivalent to zero. Let again the assumptions be as in 1.1 and 1.2 (iii) 
and (iv). 
5.1. From diagram V we get the following commutative diagram 
A2( Y) 
+* - AZ(w) 
f*i 
i 
A* 
AZ&S) e,* -+ A+‘) 
In fact, if a E As(S) then we can take a representative A of oc avoiding 
the points of A n l7, and then we have commutativity already on cycle 
level. By a similar remark we get a commutative diagram (see diagram VI) : 
A2( w) 
z* 
-+ AZ(p) 
A2(S’) . 
r: 
A%( 5’ ) 
with involutions z* and z: (see lemma 4.3). 
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5.2. By general theorems ([lo], prop. 13 p. 482; [2] p. 4-14 and 4-35, 
[3], section 9) we get from the fact that W=X>(E’/F’) (see (86)). 
(105) L42( W) =.&yS’) @ Pic”(S’) 
and from the fact that ~=BA( W) (see 3.9) : 
(106) A2( W) =x42(W) @ m"(A). 
5.3. Next we make the additional assumption. that S’ (and hence also 
S) is rational. Then (106) simplifies to 
(107) &(V) =Pic”(A). 
REMARK. Note that this assumption is satisfied, in particular, for the 
case of a (general) threefold X of degree 4 with a d0ubZe Zinc es (example 1.3). 
In that case S’ is a double covering of the plane S ramified over a curve 
V of degree 4. (see 1.17). 
LEMMA (5.4). (cf. [6], p. 197, 10.6). Let S’ be rational and let u: A -+ A 
and z: v ----f w be the involutions of 4.1 and 4.2. Then for 5 E As(F) = 
=Pito(A) we have 
a*(t) = -z*(E). 
PROOF. Using the commutative diagram VI we can take a repre- 
sentative cycle C of 6 in the open set TO and work with the cycles themselves 
(instead of with the cycle classes). Since ws G Y6 we can work on Yh. 
The proof is now the same as in [6] pages 197-198 and 192-194 (note that 
the reference on p. 198, line 9 should be lemma 8.1 (ii) instead of 8.1 (i)). 
COROLLARY (5.5). Consider +*: As(Y) -+ As(w). Then 
Im ($*) C P(A/d). 
PROOF. For E E As(Y) we have c*(c$*(~)) = -t*(+*(l)) = -4*(t). 
COROLLARY (5.6). Im (+*)=P(A/d). 
ROOF. Same as [6] p. 199-200. 
Finally we get 
PROPOSITION (5.7). If S’ is rational then 
L42( Y) =P(d/d). 
PROOF. We proceed in two steps: 
i) .42(Y) =P(A/d) @ T, T a S-torsion group. 
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The proof is the same as in [S] p. 201. 
ii) T=O. 
This follows from the fact (observed by S. Bloch) that A2( Y) is a divisible 
group. 
5.8. Next we turn to the polarization of P(A/A). 
According to Mumford [4] a Prym variety has a natural polarization 
E which is principal and is obtained, via the inclusion i : P(A/A) + J(A) 
and the natural polarization 6 of the Jacobian J(n), as follows: 
i*(e) = 28. 
On the other hand we have the P-adic cohomology groups 
H3( Y) g H3( Y, Qp) 
and there is a relation between the above polarization on P(A/A) and 
the Poincare duality defined by the cupproduct on Hs Y). The treatment 
is entirely similar as in [7] and [8], section IV. We refer to these papers 
for details and give only an outline here. 
First consider the homomorphisms 
(108) H3( Y) zH3(p)7Rs(Y) * 
then we have (since 4 is generically 2 - 1) : 
(109) Cp* -+*=2. 
From the assumption s’ rational we get 
(110) H3( w) 7 HQI). 
Again we have involutions (T* on H’(A) and z* on H3( w). We have similar 
to (and as a consequence of) lemma 5.4 a relation (cf. lemma 5 on p. 148 
of [S]): 
(111) a*([) = --t*(t) for 5 E HI(A) = H3( r). 
From the involution C+ on HI(A) we get a decomposition into an invariant 
part H+ and an anti-invariant H-: 
(112) Hl(A)=H:(A) @ H:(A). 
Next using the Tate group T&l) of an abelian variety we have the usual 
identification 
(113) T&W) c%q &p 1 Hl(4. 
Using the involution (T *, the fact that the Prym is (the connected com- 
ponent of) the anti-invariant part of G* on J(n) and the decomposition 
(112), we get an identification 
Tp(PV/A)) @q Qp 1- =(A). 
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Since clearly Im (+*) in (108) is in the invariant part of CT* on IP( w), 
we get from (111) and (114) finally the identification 
(115) qvv/4) cap &p ?- H3(Y). 
Using this identification we have 
PROPOSITION (6.9). (cf. [ES], theorem 3). Let S’ be rational. Then for 
8,~ E T#‘(A/d)) we have 
e”(E, q)= -5 U 7 
when eE( -, -) is the Riemann form on T&P/&l)) @ze &e defined by 
the divisor class 8 and the right hand side is the cup product on Hs( Y). 
PROOF. See p., 149 of [8]. 
Summarizing we get (cf. Mumford’s result mentioned in [l], p. 364): 
THEOREM (5.10). Let Y be a conic bundle as in 1.1 and satisfying 
the conditions (iii) and (iv) of 1.2. Assume moreover that 8’ (introduced 
in 2.1) is rational. Let P(ll/d) be the Prym variety associated to Y in 
the sense of 4.1. Then (see 5.7): 
where Az( Y)(k) (resp. P(n/d)(k)) are the cycle classes on Y rational over 
k (resp. the points on the Prym rational over k). Furthermore (see 6.9): 
&t, 7) = -5 u 7 
for 5,q E Tp(P/Jd)). 
COROLLARY (6.11). (of. [7], theorem 3.11). Under the above sssump- 
tions, the rationality assumption for the conic bundle Y implies that the 
associated Prym variety (P(rl/d), 9) is isomorphic, as principally polarized 
abelian variety, to a product of canonically polarized Jacobian varieties 
of curves. 
PROOF. For convenience of the reader we indicate shortly the proof, 
cf. [7], Q 3. 
We have a commutative diagram 
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where Iz is a birational morphism and r is a (product of) curve(s). We 
have an inclusion a* : As( Y) G As(Z) = Pic”( r), hence 
2*: P(A/d) c; J(T) s J. 
Similarly we have an inclusion il * : N3( Y) G H1( r). Furthermore for 
59 7 E qvvw) we have (cf. [7] lemma 4 (ii) for the signs) 
e”(t, 7) = -E U q = +31*(E) U l*(q) =eeJ(l*(t), A*(q)) =e”*@J’(l, q), 
hence 
8 = A*(&) (numer. eq.). 
Hence we have an inclusion 
A”: (P(A/d), a) G (J(r), 0~) 
as principally polarized abelian varieties. The result follows from the 
theory of abelian varieties (see [7], lemma 10). 
§ 6. THE NON-RATIONALITY OF THE GENERIC QUARTIC THREEFOLD WITH 
A DOUBLE LINE 
Let X be a quartic hypersurface in p4 containing a double line PO (i.e., 
take ,a=4 in the example of 3 1). Note that X is u&ationaZ because V 
has degree 4, hence S’ and hence also W is rational and we have the 
rational transformation v: W-+ Y = Be,,(X). We have seen in the preceding 
section that the assumption of the rationality of X would imply that the 
Prym variety (P(/l/d), 8) is isomorphic, as principally polarized abelian 
variety, to a product of canonically polarized Jacobian varieties of curves, 
where d is a non-singular plane curve of degree 8 and (hence of) genus 21. 
By Mumford’s detailed study of the singularities of S (see [a], corollary 
to the theorem on p. 344), this can happen only if d is trigonal or a double 
covering of an elliptic curve. That this is not the case will follow from 
the corollary to the following simple lemma: 
LEMMA (6.1). Let C be a non singular plane curve of degree m> 3. 
If k Q m - 2, then there is no effective divisor D on C such that deg (D) = k 
and Z(D) > 2. 
PROOF. Assume there are such D’s and take one such that deg (D) = k, 
Z(D) > 2, where k is minimal. We can write D= PI + . . . + Pk, where the 
points Pi may coincide. Put DO= PI+ - + Pk-1, so that Z(Do) = 1 and 
hence, by Riemann-Roth theorem, if g is the genus of C: 
(116) l=Z(Do)=k-l-g+l+Z(K-Do) 
so that Z(K-Do)=g-k+l. 
12 Indagationes 
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In the same way, applying Riemann-Roth to D, we get: 
(117) 2IZ(D)=k-g+l+Z(K-D) 
so that Z(K--D) > g- k + 1 and hence (Noether’s reduction lemma) 
Z(R-D)=g-k+l too. This means, since 191=[(-3)EI where [El is the 
complete linear system cut out on C by lines, that DO G (m - 3)Ea implies 
D < (m- 3)Es, for any Ea E ]El. This however leads easily to a contra- 
diction. In fact: 
(i) k=l. 
We have D=Pl. Take Es E IEj such that PI # supp E. Then 
A=@-3)Eoe I(m-3)EI 
is such that DO Q A whilst D < A. 
(ii) k= 2. 
We have D = PI + Pz, DO = PI. Take EO E: 1El such that EO = PI + D’, 
where PZ 4 supp D’, and El E j El such that PZ # supp El. Then 
A=Eo+(m-2)El E [(m-3)EI 
is such that Dsr A whilst D < A. 
(iii) k> 2. 
Take G E Ik-2)Ej such that G = PZ -I- . . . + Pr-1 + D’, where Pk I$ supp D’ 
and .F’E I(m-k-1)Ej such that P=Pl+D”, where Pk+ D”. Then 
A=P+G E I(m-3)Ej 
is such that DO < A whilst D $ A. 
COROLLARY (6.2). Let C be a non-singular plane curve of degree rn > 6. 
Then C is neither trigonal nor a double cover of an elliptic curve. 
PROOF. C trigonal means that there is on C an effective divisor D 
of degree 3 such that Z(D) = 2. If C is a double cover of an elliptic curve C 
and z: C -+ c’ is the covering, then, for any effective divisor D’ of degree 2 
on c’, n*(D’) is an effective divisor of degree 4 on C such that Z(n*(D’)) > 2. 
Both cases are therefore excluded by the preceding lemma. 
We have therefore proved: 
THEOREM (6.3). Let X be a generic quartic threefold containing a 
double line and in projective C-dimensional space, defined over k of charac- 
teristic f2 and algebraically closed. Then X is a unirational not-rational 
variety. 
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